We present a detailed theoretical study of non-Markovian dynamics in the fluorescence spectrum of a driven semiconductor quantum dot (QD), embedded in a cavity and coupled to a three-dimensional (3D) acoustic phonon reservoir. In particular, we investigate the effect of pure dephasing on one of the side-peaks of the Mollow-triplet spectrum, expressed in terms of the off-diagonal element of the reduced system operator. The QD is modeled as a two-level system with an excited state representing a single exciton, and ground state represents the absence of an exciton. Coupling to the radiative modes of the cavity is treated within usual Born-Markov approximation, whereas dot-phonon coupling is discussed within non-Markovian regime beyond Born approximation. Using an equation-of-motion technique, the dot-phonon coupling is solved exactly and found that the exact result coincides with that of obtained within Born approximation. Furthermore, a Markov approximation is carried out with respect to the phonon interaction and compared with the nonMarkovian lineshape for different values of the phonon bath temperature. We have found that coupling to the phonons vanishes for a resonant pump laser. For a non-resonant pump, we have characterzied the effect of dot-laser detuning and temperature of the phonon bath on the lineshape. The sideband undergoes a distinct narrowing and aquires an asymmetric shape with increasing phonon bath temperature. We have explained this behavior using a dressed-state picture of the QD levels.
I. INTRODUCTION
The laws of quantum mechanics allow for quantum computers [1] [2] [3] , which are known to be significantly more powerful than classical computers. In a quantum computer, information is stored in quantum bits (qubits), rather than classical bits 4, 5 . A single qubit represents a zero or one and is a two-level system with two energy levels which can be used to store and process the information 6 . An example of a two-level system, frequently used in quantum optics, is composed of the ground and excited states of an atom. Semiconductor QDs can be modeled as a two-level system with one exciton in the excited state [7] [8] [9] . Semiconductor QDs embedded inside a cavity has been a subject of intense research as a promising candidate for quantum computation and information tasks, as well as a source of single photon 10 . Recently, experiments on the cavity embedded QDs have been reported to show different spectral features of the Mollow-triplet fluorescence spectrum [11] [12] [13] . In particular, a dot coupled to the acoustic phonon bath in the super-ohmic regime has shown modified spectral features as a function of the phonon bath temperature. More precisely, the triplet sideband is observed to show a systematic spectral sideband broadening for both resonant and off-resonant cases. This problem was studies experimentally 14 and anlyzed theoretically 15 in terms of the usual Born-Markov approximation. However, the pure dephasing process a 3D phonon bath is in the form a super-ohmic independent boson model (IBM), which * ak@csrc.ac.cn is known to be highly non-Markovian [16] [17] [18] [19] , and these results have been studied and discussed in terms of usual Born-Markov approximation 15, 20, 21 . The system correlation function, for non-Markovian interactions (for e.g. nuclear spins 22 , phonons 23 ), decays with a typical time scale given by the correlation time τ c which never dies-off to zero. In other words, the correlation time is non-zero and can be larger than the system decay time τ S , which is the signature of a strongly history-dependent non-Markovian interaction.
Furthermore, the equation of motion for correlation function has an additional term known as irrelevant part, which is non-zero for non-Markovian interactions. This additional term vanishes for a Markov approximation, when the well-known QRT can be applied to find the system correlation 24 . Recent theories [for e.g. Ref. 15 ] discussing fluorescence spectrum in solid-state systems rely on a history-independent Markov process and apply the usual QRT, giving rise to an exponential decay of the system correlation. Often, physical processes in solidstate systems [25] [26] [27] are highly non-Markovian (historydependent), and so the resulting spectrum using the QRT can no longer be used to describe their spectral properties.
In this paper, we analyze the effect of pure dephasing due to a 3D acoustic phonon bath on the fluorescence spectrum of a cavity coupled to a semiconductor QD. The associated emission spectrum can be directly related to a correlation function for system observables, which we evaluate beyond the Markov approximation using a Nakajima-Zwanzig GME 24, 28 . Assuming a large bandwidth, coupling to the radiation modes of the cavity can be treated within Born-Markov approximation, which is relevant to cavity quantum electrodynamics (cavity-QED) experiments 29 . The dot is represented by a twolevel system with an exciton in the excited state coupled to a phonon reservoir, and can be modeled with the usual IBM 30 . The resultant fluorescence spectrum has three components due to dressing of the levels by a pump laser 31, 32 , and we project the system into a dressed state basis which allows us to characterize the three components of triplet separately 33, 34 . We have solved the dot-phonon coupling using an exact approach beyond Born approximation, and the exact result coincides with that of obtained within Born approximation. Phonon coupling gives rise to a frequency dependent frequent-shift and dephasing, which bring non-Lorentzian features in the fluorescence spectrum. Frequency-shift and dephasing due to phonon interaction are strongly temperature-dependent and vanish for the lower temperatures. We found that in the dressed-state basis levels of interest are coupled asymmetrically to the phonons and have vanishing dephasing and frequency-shift for a resonant dot-laser frequency. We have also observed that the sideband undergoes a distinct narrowing and becomes asymmetric with increasing temperature, which is explained using the dressed-states energy levels.
This paper is organized as follows: In Sec. II, we start with discussing the setup and establish the formula for resonance fluorescence spectrum of a general two-level system. In Sec. III, we introduce the model Hamiltonian for a driven cavity-QED two-level system interacting with a phonon bath. In Sec. IV, we discuss and derive the exact form of Nakajima-Zwanzig GME for the dynamics of the reduced density matrix and correlation function. We obtain the expressions for the lineshape functions in both Markovian and non-Markovian regimes. In Sec. V, we present our results and discuss the plots in different parametric regimes. In Sec. VI, we conclude with a discussion and summary of the results. Other technical details are discussed in the Appendixes.
II. FLUORESCENCE SPECTRUM
We start with the model Hamiltonian of a general twolevel system interacting with radiation modes of the electromagnetic field, which can be written as system (H S ), field (H R ), and interaction (H SR ) in terms of the standard Jaynes-Cummings model within a rotating-wave approximation (RWA):
where σ ab = |a b| and σ ba = |b a| are the raising and lowering operators between excited state |a and ground state |b in the Hilbert space of the system and a k , a † k are the annihilation and creation operators in the Hilbert space of a set of electromagnetic modes coupled to the system. Coupling to the radiation modes is given by a coupling constant g k to the mode of frequency ω k . For simplicity of the units, we have also used = 1. Here, we adopt the well-known theory of gedanken spectrum analyzer given in Ref. [35] , and assume that the radiation field emitted by the system is detected by a two-level atom (detector) with a transition frequency ω α −ω β = ω 0 , which is prepared in its ground state |β initially, see Fig. 1 .
FIG. 1. (Color online) (a)
A two-level system inside a cavity with natural frequency ω ab is driven by a laser pump frequency ω. A phonon bath, shown by the green lines, is coupled to the excited state |a of the QD. (b) In the rotated frame with respect to the pump laser, where ∆ = ω ab − ω (∆c = ωc − ω, ∆0 = ω0 − ω) is detuning of the transition (cavity, probe) frequency from the laser. Here, role of the spectrum analyzer is to admit frequencies which are resonant with the transition frequency of the detector. The photonic density of states of the cavity is described by a Lorentzian spectrum, and ωc is the central frequency of the cavity mode.
The Hamiltonian for the detector is given by
and coupling between detector atom H D and the radiation field, included in the Hamiltonian H, is given by the Hamiltonian
where g D k is the coupling of detector to a field mode k. Therefore, the Hamiltonian for entire system including system and detector, as well as coupling to the radiation modes can be written as:
According to Wiener-Khintchine theorem, fluorescence spectrum, in the stationary regime and in the interaction picture with respect to the detector, is given by Fourier transform of the correlation function
where ℘ αβ is the detector dipole matrix element with positive-frequency part of the electric field is defined by
and the negative-frequency part of the electric field is
is the electric field per photon and V is the effective volume of a cubic cavity resonator. We rewrite the correlation function, in Eq. (7), in terms of the system operators using the methods described in Refs. 32 and 35:
hereĪ is the detector response function [discussed in Appendix A]. The average . . . = T r{. . .ρ} , in Eq. (9), is given with respect to the stationary density matrixρ, whereρ = lim
Using the cyclic property of trace, fluorescence spectrum can be written as
here operator Ω(t) is defined as
and
Since σ ab and σ ba are operators in the system Hilbert space and [H D , H 0 ] = 0, the evolution of Ω(t) is determined by the Hamiltonian of emitting system and radiation field, H 0 , in the absence of detector and can be computed without using the wellknown QRT 24 .
III. MODEL
A. Hamiltonian
We consider a driven two-level cavity-QED system with an excited state |a representing a single exciton, and a ground state |b with no exciton. The QD interacts with the cavity photons and a phonon reservoir which is coupled to the excited state |a , as shown in Fig. 1 . The Hamiltonian for the total system reads,
where ω ab is the transition frequency of the two-level system and ω is the frequency of laser field. The photon (phonon) modes are represented by bosonic fields with frequencies ω k (ω q ) with creation and annihilation operators a † k (b † q ) and a k (b q ), respectively. The systemphoton (system-phonon) coupling strength is given by g k (λ q ), and Ω (Rabi frequency) is the coupling between the two-level system and laser field. The system operators are denoted by σ ij = |i j| where i, j ∈ {a, b} and σ z = σ aa − σ bb . The explicit time dependence in H(t) [Eq. (12) ] can be removed by going to a rotating frame and applying a RWA. We perform the RWA on both the driving term and the system-photon coupling term, in which we neglect the rapidly-oscillating terms and keeping only the timeindependent part. The resulting RWA Hamiltonian in the rotated frame is theñ
where ∆ = ω ab − ω and ∆ k = ω k − ω are the detunings of atomic and cavity frequencies from the laser pump frequency ω. In general, operators in the rest frame are transformed to the rotating frame according to the following relations:
Due to presence of the intense laser field the two bare states are strongly coupled to each other and give rise to two dressed states. The dressed states can be written, in terms of the bare states, as:
where c = cos θ and s = sin θ with the mixing angle θ is given by tan θ = (Ω R − ∆)/(Ω R + ∆), where Ω R = √ Ω 2 + ∆ 2 is the dressed Rabi frequency. Furthermore, following closely the discussing on IBM in Ref. [30] , we apply another transformation by using a canonical transformation
is an anti-hermitian operator, to write the total Hamiltonian in terms of the free and perturbed parts as, after transforming it to the dressed-state basis
where the free part is
and the perturbed part is given by
where σ ij = |i j|, i, j ∈ {+, −} and σ 3 = |+ +| − |− −|. The polaron transformation introduces a frequency shift as:
q /ω q is the polaron shift. We have also performed a Schrieffer-Wolff transformation on the above Hamiltonian to get rid of the energy exchange term (T 1 lifetime process) due to phonons, see Appendix B. The separation into pure dephasing and transition terms is determined by the form of system coupling, i.e. dephasing terms contain the diagonal coupling and transition terms contain the off-diagonal couplings. Accordingly, fluorescence spectrum, in Eq. (10), can be written in Laplace domain using the dressed-state representation as a threepeak spectrum [Ref. 32] :
where ∆ 0 = ω 0 − ω is the probe detuning, we have used the relations Ω ij = j|Ω|i , i, j ∈ {+, −} and Ω z = Ω ++ − Ω −− . The polaron transformation does not affect the fluorescence spectrum in above expression as B acts on the phonon mode Hilbert space and commutes with the system operators. It can be seen that the first term in Eq. (27) gives the central peak whereas last two terms give rise to satellite peaks of the Mollow-triplet, shown in Fig. 2 . We are interested in the influence of pure dephasing due to phonon interaction, which only affects the off-diagonal elements of the system operator. From here and what follows, we will study the effect of pure dephasing on the fluorescence spectrum, with a particular focus on one of the Mollow-triplet sidebands (Stokes line). Alternatively, when the width of each side peak ∼ Γ, [see Eq. (63), below] is small compared to the peak separation ∼ Ω R , we approximate the spectrum near the side peak centered at ∆ 0 ≃ Ω R by, see Fig. 2
In order to compute the spectrum, we will evaluate the dynamics of matrix element Ω +− (t) = Tr[σ −+ Ω(t)] in the dressed-state representation with Hamiltonian in the polaron frame, given by Eq. (18).
B. Initial conditions
The radiation and phonon modes are decoupled from the system for times t 0 < 0 (where t 0 is a time in the distant past), and prepared independently in the states described by density matrices ρ R (t 0 ), ρ P (t 0 ) and ρ S (t 0 ), respectively. The interactions (photons and phonons) are switched on at this time t = t 0 , and the state of entire system is described by the full density matrix ρ(t 0 ):
where initial density matrix for photon is described by vacuum of the cavity modes
and phonon modes are described by a canonical ensemble at temperature T :
We recall the operator Ω(t), where
is analogous to the density matrix operator with a modified initial condition, given by
where stationary density matrixρ and hence Ω(0) account for conditions that accumulate between the system and interactions in the time interval t ∈ [t 0 , 0]. We choose an initial condition when exciton is in excited state |a given by ρ S (t 0 ) = |a a|, and evolves in the presence of pump laser. We switch on the detector at t = 0 and subsequently calculate the dynamics of Ω +− (t) for t > 0, with initial condition given by the steady state density matrix accumulated between the time interval [t 0 , 0].
IV. GENERALIZED MASTER EQUATION
We are interested in the dynamics of reduced system operator, after tracing over variables of photon and phonon modes; Ω S (t) = Tr R Tr P Ω(t). To study the dynamics of reduced system operator Ω S (t), we introduce a projection superoperator P , defined by its action on an operator:
Both operators, ρ(t) and Ω(t), follow the same vonNeumann equation, and can be written in form of exact Nakajima-Zwanzig GME 24 , using Qρ(t 0 ) = 0
where Σ(t) is the self-energy superoperator
and L is the full Liouvillian superoperator, defined as
We have used the properties of projection operator: P 2 = P and
also introducing its complement Q = 1 − P . We can derive an equation of motion for Ω(t) analogous to the equation for ρ(t) [Eq. (34)]. However, an additional term appears because QΩ(0) = Qρσ ab = 0, and we have assumed that the full density matrix operator is not separable for all times i.e.
The resulting motion equation for P Ω(t) is then,
where Σ(t) is defined in Eq. (35) and the last term in the above equation contains QΩ(0), i.e. the irrelevant part of Ω(0) is non-zero. When the radiation and phonon modes are described by Eqs. (30) and (31), the projection operator P follows some useful identities
We apply above identities (38)- (41), and perform the partial traces on Eqs. (34) and (37) over variables of radiation and phonon modes to obtain an equation of reduced system operators,
where Σ S (t) and Φ S (t) are reduced self-energy and irrelevant part superoperators, respectively, and O S (t) = Tr R Tr P O(t) = αβ∈{+,−} O αβ (t) |α β| is the reduced system operator.
Comparing Eqs. (42) and (43), we found that the first two terms are identical but there is an additional irrelevant part, Φ S (t), is present in the equation for Ω S (t). This term vanishes in a Markov approximation and usual QRT can be applied to find the system correlation 24 . In addition to this, we have also assumed that the full density matrix is not separable for all times which is another reason that QRT is no longer valid in the present case. Furthermore, for a non-Markovian equation the irrelevant term is non-zero and usual QRT can not be used to compute the system correlation in this case [36] [37] [38] . The equation for off-diagonal matrix element, Ω +− , is coupled to both diagonal Ω ++ , Ω −− and off-diagonal Ω −+ elements of the reduced system operator, and can be written in the form
with a non-zero irrelevant part matrix element expressed as (see Appendix C)
The self-energy superoperator can be decomposed into three terms as
where the first and second terms in above expression are pure dephasing (T * 2 pure dephasing time) processes due to photon and phonon couplings, respectively, and the third term gives rise to transition (T 1 lifetime) due to radiative modes coupling. We treat the dot-cavity coupling self-energy within Born-Markov approximation to second-order in perturbation Liouvillain L V , see Appendix D 1. Applying the continuum of modes for cavity given by Lorentzian density of state [Eq. (D14)], we find the self-energy matrix elements in their Laplace domian, defined as f (s) =
where ∆ c = ω c − ω is the detuning of cavity from laser pump frequency and Γ c is cavity bandwidth. Here, Born approximation is justified by finding that the higher order terms in reduced self-energy are suppressed by a small parameter ∼ g 2 /(Ω ′ R Γ c ). Similarly for phonon modes, applying a continuum of modes [see Appendix D 2] for the deformation potential coupling mechanism 18 N (ǫ)|λ(ǫ)| 2 = α P |ǫ| 3 e −|ǫ|/ǫc , where α P is the phonon coupling parameter in the units of f requency −2 and ǫ c is the phonon cut-off frequency, we obtain
here n B (ǫ) is Bose function. In above expression, the dot-phonon interaction self-energy is evaluated using exact approach within non-Markovian limit and it is found that Born approximation is exact in this case, see Appendix D 3. Furthermore, the reduced self-energy matrix elements couple to the populations can as well be written within usual Born approximation
and similarly for the coherence Ω −+ ,
Equation for the coherence in Eq. (46) contains both diagonal and off-diagonal elements of the self-energy superoperator, some of them are fast moving compare to others. In next section, we will perform a secular approximation 32 to get rid of the fast oscillating terms.
A. Secular approximation
The secular approximation consists in neglecting the fast oscillating terms in Markov equation-of-motion, and the equation for Ω +− [Eq. (46)] is decoupled from populations and coherence within a secular approximation 32 . Here, we consider a general equation of motion for the operator Ω(t), without irrelevant part matrix elements:
and would like to perform the secular approximation in order to get rid of the fast oscillating terms. To this end, introducing a rotating frame
where ∆ω is the total frequency shift given implicitly by the expression
In the weak coupling regime, Ω ′ R ≫ ∆ω, the frequency shift to the leading order in ∆ω
Here, the purpose of introducing a rotating frame is to get rid of all oscillating parts from Ω ′ (t) and hence obtain an equation for Ω ′ +− (t)
Due to presence of the oscillatory exponential in the last two terms in RHS of the above equation, we decompose it into slowvarying and fast-oscillating parts as:
where S and F stand for slow and fast, respectively. Carrying out Markov approximation on slow term by replacing:
, and finally extending the upper limit of integration to infinity, we obtainΩ
where 
and the condition for validity of Markov approximation: 
we neglect the fast oscillating terms in Markovian approximation since this term will oscillate fast and average out to a smaller value compared to the slow term.
On substituting for Σ SR +−,−+ (s) from Eq. (54) and for Γ c ≫ ∆ c , Ω ′ R ≫ ∆ω, we get an explicit condition for the validity of secular approximation as:
In the similar manner, we can also neglect the contribution form Ω ++ (t) and Ω −− (t) from Eq. (46). Going back to lab frame and within secular approximation, we obtain the expression in Laplace transform:
with initial condition expressed in terms of reduced selfenergy matrix elements given by Eqs. (52) and (53), see Appendix E:
The irrelevant part matrix elements, due to photon G (28), we obtain an expression for one-peak Markovian spectrum
which is a Lorentzian line centered at ∆ 0 = Ω ′ R + ∆ω with a width given by Γ, frequency-shift ∆ω and decay Γ are given by Eqs. (58) and (63), respectively, and the pre-factor is given by
Here, we have substituted the expression for the selfenergy matrix elements given by Eqs. (52) and (53). Expression for the lineshape in Eq. (68) is Markovian with respect to both photon and phonon interactions. However, we are interested in the non-Markovian regime with respect to phonon coupling and an equation for Ω +− (t) always contains an extra small term G P +−,+− (t) due to non-Markovian interaction, known as irrelevant part matrix element. Assuming that the irrelevant part is associated with a smallness in the present problem and in order to get the further insight, we will estimate the typical size of its contribution and find a regime where nonMarkovian correction is dominant compared to its irrelevant part contribution. Equation for Ω +− (t) in Laplace domain with its irrelevant part matrix element can be written as,
The smallness of irrelevant part compared to non-Markovian self-energy due to phonon interaction can be justified by the inequality given by
and we only keep the contribution from self-energy matrix element. Furthermore, expanding Eq. (72) in the powers of self-energy and ignoring the higher order terms, we have
and assuming that irrelevant part gives rise to a small contribution and comparing it with self-energy contribution leads to the following inequality,
The one-peak spectrum is centered around
with a width mostly dominated by Markovian decay rate Γ, estimating the size of above inequality around ∆ 0 ∼ Ω ′ R + Γ, and it is found that irrelevant part matrix element is always suppressed by a small parameter, Γ/Ω ′ R ≪ 1, compared to self-energy matrix element contribution, also see Appendix C. Following the above discussion, we neglect the irrelevant part from the equation for Ω +− (t) and after going back to lab frame we have an equation written in Laplace domain,
Above expression is Markovian with respect to photon coupling but non-Markovian in terms of phonon interaction, where Markovian frequency shift (∆ω R ) and decay rate (Γ R ) are given by
Similarly, non-Markovian frequency-dependent shift (∆ω P (∆ 0 )) is expressed as
(79) and dephasing (Γ P (∆ 0 )) is given by
On substituting for Ω +− (s = −i∆ 0 ) from Eq. (76) in the expression (28), we obtain an expression for the one-peak non-Markovian spectrum
where pre-factor X is given by Eq. (71). It should be noted here that we have not performed Born-Markov ap-proximation in terms of phonon interaction. In Markovian regime frequency shift ∆ω P (∆ 0 ) and dephasing Γ P (∆ 0 ) are replaced by their ∆ 0 = Ω ′ R + ∆ω frequency parts and give rise to an exponential decay and hence to a Lorentzian line centered at ∆ 0 = Ω ′ R + ∆ω with a width given by Γ. Whereas in the non-Markovian regime frequency-shift and dephasing due to phonon interaction are frequency dependent and lead to a non-Markovian (non-exponential) decay giving rise to non-Lorentzian features in the lineshape. We apply above obtained theoretical results to InAs/GaAs QDs, and use the cavity and phonon parameters given in Refs. 8, 14, 17, 18, 39, and 40.
V. RESULTS AND DISCUSSION
In this section, we plot and analyze the results obtained in the previous sections for different parameter regimes. Typical phonon parameters for GaAs are obtained from Refs. 17, 39, and 40: phonon cut-off ω c = 1 meV and coupling α P = 2.08 × 10 −7 µeV −2 . For the laser and cavity, we choose following parameters 14,15 Ω = 500 µeV, g = 50 µeV, Γ c = 2 meV. We have varied the other parameters in the plots and explained along with the figures.
A. Temperature dependent frequency-shift and dephasing
In Fig. 3 , we plot the frequency-shift and dephasing as a function of probe-detuning for different values of phonon bath temperatures. We observe that the effect is strongly temperature-dependent. It increases linearly in the high temperature limit and vanishes for small temperatures. In the present parameter regime for a typical GaAs QD, the dominant contribution from phonon interaction is mainly due to the frequency-shift, see Fig. 3 . Here, we have assumed that the dot and cavity are resonant and set ∆ = ∆ c = 500 µeV. . The frequency-shift and dephasing become steeper in the high temperature limit and vanish for the small temperatures. The cavity-laser and dot-laser detunings are fixed to a value ∆ = ∆c = 500µeV i.e. dot is resonance with cavity, ω ab = ωc. Unlike Markovian solution, where the shift and decay are constants and do not change rapidly due a flat cavity band-width, the frequency-shift and dephasing in the non-Markovian regime are strongly probedependent bringing a rapid change in the phonon density of states and introducing non-Lorentzian features in the lineshape.
B. Temperature dependent one-peak fluorescence spectra
In Fig. 4 , we also plot the associated one-peak spectra for different phonon bath temperatures for the fixed detunings and analyze the effect of frequency-shift and dephasing on the lineshape. We observe a distinct narrowing and asymmetry in the side-peaks with increasing temperature mainly due to the frequency-shift; as frequency-shift changes with increasing temperature giving rise to non-Lorentzian features in the lineshape. This behavior is not observed in the Markovian lineshape as both frequency-shift and dephasing are constants in this case.
In the dressed-state basis, levels involved in the transitions of interest (Stokes line) are coupled asymmetri-cally with the phonon modes, and frequency-shift due to phonons pulls these energy levels away from the resonance bringing an additional shift. This extra shift, due to phonons, increases the level separation and reduces the number of channels for the radiative decay. In other words, some of the photons are used to compensate for this additional shift which leads in less photons coming out to the outer world or seen by the detector, eventually causing a narrowing in the sideband. Moreover, the frequency-shift appears to be an odd function with respect to probe detuning (Fig. 3 ) which leads to different probability of emitting and absorbing the phonons on the either side of probe detuning. Fig. 3 . Distinct narrowing and asymmetry in the side-peak are observed due to phonon interaction, and are described in our theoretical model.
We also observe that the Lamb shift and additional broadening, due to phonon interaction, vanish for the case of resonant pump laser. This can be explained in the dressed-state representation, where both energy-levels of interest, correspond to one of the transitions (Stokes line), are coupled asymmetrically to the phonons. For the zero detuning they become degenerate leading to the vanishing frequency-shift and dephasing. We have also observed a little shifts in the peak positions due to strong dependence of frequency-shift on the probe-detuning.
VI. CONCLUSION
We have discussed the dynamics of a driven cavity-QED system coupled to a 3d acoustic phonon reservoir with non-Markovian pure dephasing mechanism. We have observed highly modified non-Lorentzian features in the associated spectrum due to phonon interaction, and for solid-state systems it can only be described within non-Markovian regime. We have shown that quantum regression theorem is not valid in this case because of a non-zero irrelevant part, and also the full density matrix is not separable for all times. The system correlation is solved without using the quantum regression theorem beyond usual Born-Markov approximation. We have obtained the analytical formulas for both Markovian and non-Markovian one-peak lineshapes in terms of the model parameters. Both expressions look like Lorentzian lines centered around ∆ 0 ≃ Ω ′ R , but this analogy is not correct as shift and dephasing are also probe-dependent in case of non-Markovian lineshape. We have investigated the onepeak spectrum of the Mollow-triplet for different values of phonon bath temperature for the resonant dot and cavity. We have found vanishing shift and dephasing when laser is resonant with the dot, because levels are equally and asymmetrically coupled to phonon modes rendering them degenerate for a resonant pump laser. We have derived an exact form of Najakjima-Zwanzig generalized master equation and showed that Markov and non-Markov solutions give significantly different results. We show that non-Markovian contribution is significantly large and can be clearly seen in the spectrum. A distinct narrowing of the sideband has been reported which is contrary to the recent results leading to broadening in the presence of phonons. We have shown that the frequency-dependent shift has strong temperature dependence which causes different features like narrowing and asymmetry in the lineshape. This procedure can also be used to systematically account for features in optical spectra of a general multi-level system due to genuine non-Markovian dynamics. The detector response function in Eq. (9)
where g D k = |℘ αβ |ε k . Applying the continuum of modes after replacing the sum via integral
and using the well-known formula
(P indicates the principal part) one can write the square of detector response function in terms of principal part and delta function as
where D c (ǫ) and D(ν) are photonic density of states of cavity and open space, respectively. The photonic density of states of the cavity is described by a Lorentzian density of states given by Eq. (D14).
In order to get rid of transition term V 2 to leading order, we set
, where A can be written as
Here A is of order of transition term V 2 . Substituting for A, we obtain Hamiltonian up to the second or higher order in V 2
Using the definitions of H 1 and V 2 , we obtain the expression for A as:
Therefore, the transformed Hamiltonian to the first order in the transition terms due to phonon can be well approximated and written as free and perturbed parts as
and perturbed parts is given by
which are Eqs. (18)- (26) in the main text.
Appendix C: Irrelevant part matrix element
The irrelevant part is given by Eqn. (45) can be written within Born approximation after transforming to Laplace domain
In particular, we want the matrix element, Φ +−,+− (s) due to phonon interaction, which can be simplified and written as
where irrelevant part of the stationary density matrix can be found 24 using GME discussed in Sec. IV
(C3) The propagators in Eqn. (C3) has no poles at s = 0 + , where 0 + is a positive infinitesimal. After performing the limit in the above expression, we substitute for [QΩ(0)] +− in the expression for Φ +−,+− (s), to obtain and expression for the irrelevant term as
where Ω +− (0) = [ρ S σ ab ] +− , see Eqs. (E9) and (E10). Above expression can be written in terms of irrelevant part matrix element in the problem as
Solving above expressions and applying the continuum of modes, we found that irrelevant part matrix element will be suppressed by 1/Ω ′ R compared to the self-energy matrix element due to phonon interaction. In this limit, contribution from irrelevant part can be neglected compared to the contribution from the non-Markovian selfenergy.
The reduced self-energy superoperator Σ S (t) in Eq. (44) can be transformed in to Laplace domain and using
dropping Q from the exponential in Eq. (44) will not affect the final expression 42 . Cross terms in above expression will vanish because L dR and L SR act on an operator in the radiation mode Hilbert space whereas L dP act on phonon Hilbert space and will not contribute in the final trace. Moreover, the cross terms between L dR and L SR will give rise to off-block diagonal matrix elements in self-energy matrix and will be neglected within secular approximation, see Sec. IV A in main text. The self-energy superoperator in Eq. (D1) can be decomposed into three different parts as:
where first and second terms give rise to pure dephasing (T * 2 process) due to radiation and phonon modes, respectively, whereas last term in above expression leads to transition (T 1 process) due to radiation modes coupling. Free propagator in reduced self-energy expression can be expanded in the powers of interacting Liouvillian
because of the form of couplings in present model only even powers 2k in above expression will survive in the final trace. In order to find the matrix elements of the self-energy superoperator, we write the superoperators in matrix form in dressed-state basis as
where [L S ] αβ,γδ = T r{|β α| S |γ δ|} and {α, β} ∈ {+, −}. In the dressed state basis, non-interacting Liouvillian is diagonal and can be inverted to write as 2 × 2 blocks
where parallel block is
and perpendicular block is given by
.
(D7) In the similar fashion, we can find other matrices as well
here we have defined new Liouvillian for commutation and anti-commutation relations:
, O] ± , where operators X R and X P are given as
Furthermore, we also find the matrix for superoperator L SR in the dressed-state basis
where we have defined the operators for left and right multiplications as:
and O R is an operator in the radiation mode Hilbert space. Reduced self-energy matrix elements of interest can be calculated according to Eq. (46) in the main text.
Self-energy for photon interaction
We apply a continuum of modes for the cavity density of states given by a Lorentzian spectrum 43 ,
where ∆ c = ω c − ω is the detuning of cavity from laser pump frequency, and Γ c is cavity bandwidth. Reduced self-energy matrix elements due to radiation mode coupling giving rise to transition are given as
and self-energy matrix element responsible for pure dephasing due to cavity coupling can be found as
For a large band-width cavity, coupling to its radiative modes to system is treated under Markov approximation and above self-energies are replaced by their s = −i(Ω ′ R + ∆ω) frequency parts, refer main text for details.
Self-energy for phonon interaction
Similarly, we apply a continuum of modes for 3-d acoustic phonons 18 with an exponential cut-off at ǫ = ǫ c
we obtain the expression for self-energy in Laplace transform as
where α P = is the phonon coupling paramter in the units of freq. −2 and n B (ǫ) is Bose function. On further simplification, above self-energy matrix element can be decomposed into real and imaginary parts after setting s = −i∆ 0 , where ∆ 0 is detuning of the probe from the pump laser frequency, as:
where ∆ω P (∆ 0 ) = Re[Σ dP +−,+− (∆ 0 )] is the frequencyshift and Γ P (∆ 0 ) = −Im[Σ dP +−,+− (∆ 0 )] is the dephasing due to phonon interaction.
Self-energy matrix element calculated exactly
In the previous section, we have computed the selfenergy matrix element for phonon interaction to the second order in Born approximation. In this section, we will discuss an equation-of-motion method to find the phonon interaction self-energy for all orders in perturbed Liouvillain due to phonons L + Y beyond Born approximation, and show that exact approach recovers the result obtained within Born approximation. Using the general form of superoperators matrices, the expression for selfenergy matrix element due to phonons can be written in Laplace domain as: .
(D24) On further simplification, one obtains C(t) = 2T r P [X P , X P (t)] + ρ P (0) = 2 X P X P (t) + 2 X P (t)X P ,
where X P (t) = e −i(LP +L + Y )t X P (0).
Above expression gives rise to a differential equatioṅ
which can be written aṡ
Introducing:X P (t) = e −iLP t X P (t), we obtain an equation of motion forX P (t) X P (t) = −i[X 0 P (t),X P (t)] +
where
Solving for one q, the solution forX P (t) takes the form X P,q (t) = U q (t)X P,q (0)W q (t) (D31) whereX P (t) = 
Introducing U q (t) = e iHq t U q (t) ⇒ U q (t) = e −iHq tŨ q (t) (D38) and taking the time derivative, one can find an expressioṅ
and similarly for C 2 (t) Y q (t) = e iHq t Z q e −iHq t and Z q = S † qX P,q (0)S q . Using Baker-Campbell-Hausdorff formula:
similarly for Y q (t),
Substituting for Y q (t) and Z q in the expression for X P (t), and then substituting for X P (t) in the expressions for C 1 (t) and C 2 (t), we perform the final trace to obtain the following expressions C 1 (t) = ∆ 4Ω R q λ 2 q (n q e iωqt + (n q + 1)e −iωqt ) (D53) C 2 (t) = ∆ 4Ω R q λ 2 q (n q e −iωqt + (n q + 1)e iωqt ). (D54)
After substituting the expressions for C 1 (t) and C 2 (t) in the expression for reduced self-energy matrix element and performing the final trace, we obtain 
above expression recovers the result obtained for selfenergy matrix element within Born approximation, which is Eq. (51) in the main text.
Recalling, the initial condition for operator Ω(t) given by Eq. (33):
and matrix element of interest can be extracted after performing the trace over phonon and photon modes, and substituting for stationary density matrix elementρ ++ , Ω +− (0) = −c 2 Σ ++,−− (s = 0) Σ z (s = 0) .
Dynamics of the operator Ω(t) is evaluated using Hamiltonian given by Eq. (18), with an initial condition given by above expression which is Eq. (69) in the main text.
